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Abstract. Let X be a (connected and reduced) complex space. A q- 
collar of X is a bounded domain whose boundary is a union of a strongly 
g-pseudoconvex, a strongly g-pseudoncave and two flat (i.e. locally zero 
sets of pluriharmonic functions) hypersurfaces. Finiteness and vanish- 
ing cohomology theorems obtained in ifTTl . lfl8l for semi g-coronae are 
generalized in this context and lead to results on extension problem and 
removable sets for sections of coherent sheaves and analytic subsets. 
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1. Introduction. 

Let X be a (connected and reduced) complex space. We recall that X is said 
to be strongly q-pseudoconvex in the sense of Andreotti-Grauert (31 if there 
exist a compact subset K C X and a smooth function <p : X — > R, (p > 0, 
which is strongly g-plurisubharmonic onX \ K and such that: 

a) = min < min a>; 

x K 

b) for every c > max (p the subset 

K 

B c = {x e X : <p(x) < c} 
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is relatively compact in X. 

If K = 0, X is said to be q-complete. We remark that, for a space, being 
1 -complete is equivalent to being Stein. 
Replacing the condition b) by 

b') for every < a < min <p and c > max <p the subset 

K K 

B a ,c = {x e X : a < (p(x) < c} 

is relatively compact in X, 

we obtain the notion of q-corona (see O, Hi). A ^-corona is said to be 
complete whenever K = 0. 

The extension problem for analytic objects (basically, sections of coher- 
ent sheaves, cohomology classes, analytic subsets) defined on g-coronae 
was studied by many authors (see e.g. 0, OH, IQ3D. flU, EH)- • 

In ifTTll . [fl8l we dealt with the larger class of the semi q-coronae which 
are defined as follows. Consider a strongly g-pseudoconvex space (or, more 
generally, a ^-corona) X, and a smooth function <p : X — ► R displaying the 
g-pseudoconvexity of X. Let B a c cX and let h : X — ► K be a pluriharmonic 
function such that £Tl {h = 0} = 0. A connected component of B a c \ {h = 
0} is, by definition, a semz q-corona. If X is a complex manifold the zero set 
{h = 0} can be replaced by a Levi flat hypersurface. For singular spaces, by 
definition Levi flatness means locally zero set of a pluriharmonic function. 

Finiteness and vanishing cohomology theorems proved there lead to re- 
sults of this type: depending on q, analytic objects given near the convex 
part of the boundary of a semi q-corona fill in the hole. 

In this paper we consider a more general situation. Let X be a strongly 
g-pseudoconvex space, C = B a c = B c \B a a g-corona. Let Ei, E2 two Levi- 
flat hypersurfaces in a neighbourhood of B c such that 

b c n Ei n E 2 = Ei n k = E 2 n k = 0, 

and Ei R B c ^ 0, E 2 fl B c ^ are nonempty connected subsets. We also 
assume that Ei = {h\ = 0}, E 2 = {hi = 0} where h\, /z 2 are pluriharmonic 
on neighbourhoods W\, V7 2 of Ei HB C , E 2 f]B c respectively. Let Q be the 
open subset of B c bounded by Ei fl B c , E 2 fl B c and a part of bB c . We assume 
that Q is connected and that B t \ Q has two connected components, B + and 
B , and define Co = 2 fl C, C + = 5 + fl C, C_ = B fl C. The domain Co 
is called a q-collar (see fig. 1). A ^-collar is said to be complete if K = 0. 
Note that C + and C_ are semi g-coronae. 

Observe that ^-collar is a difference of two strongly pseudoconvex spaces. 
Indeed, consider l/(c — <p) which is a strongly g-plurisubharmonic exhaus- 
tion function for B c . We may suppose that the functions hi, /z 2 are smooth 
on all of X. Moreover, i//i = — log/ij, i// 2 = — log/z 2 are plurisubharmonic 
in V7i \ {hi = 0}, W 2 \ {/? 2 = 0} respectively. Let % : K — >■ R be an increas- 
ing convex function such that % o (l/(c — (p)) > y/ona neighbourhood of 
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Figure 1 . A ^-collar Co = Q n (B c \ B a ). In spite of the 
figure, Cq is connected. 



B c \ W\ . The function 

4>i =sup Uo(l/ c -9),v^) + 



c- <p 



is an exhaustion function for B c \ {hi = 0} which is strongly g-plurisub- 
harmonic in B c \ ({hi = 0} UK). In a similar way we construct an exhaus- 
tion function 4>2 for B c \ {/j2 = 0} which is strongly g-plurisubharmonic in 
B c \ ({^2 = 0}U^T). Then the function 4> = sup (4>i,4>2)|g is an exhaustion 
function for Q which is strongly g-plurisubharmonic in Q \ K) . In order to 
get the conclusion it is sufficient to apply the same argument starting from 
B a . 

If & e Coh(5 c ), we define 

p(&) = inf depthfjy , 

x<EB c 

the depth of on 5 C . If = &, the structure sheaf of X, we set p(B c ) = 

The results on the cohomology of ^-collars, generalizing the ones proved 
in IfTTll . HH, are established in the first part of the paper (see Section [2]). 
They are applied in Section [3] to study removability. Removability for func- 
tions was extensively studied by many authors (see e.g. [|22|. lfT6ll . lfl"3ll . 
flU). We are dealing with removability for sections of coherent sheaves and 
analytic sets. The main results are contained in Theorems [81 [9 ( 10 11 



2. Some cohomology 

This section is dealing with cohomology of ^-collars and some applica- 
tion to extension of sections of coherent sheaves. 



2.1. Closed ^-collars. Let Co be a ^-collar in a strongly g-pseudoconvex 
space X. 
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Theorem 1. Let & e Coh(B c ). Then, for q-\<r< p(&) -q-2, the 
homomorphism 

H r (Q^)®H r (C^)—>H r (C ^) 

(all closures are taken in B c ), defined by {t, © T}) i— > £g o — T]iq, has finite 
codimension. 

IfL] = {hi = 0}, E2 = {/?2 = 0} where h\ and hi are pluriharmonic 
functions near £1 C\B C and E2 fl B c , respectively, then 

dim c H r (C , ^) < °° 

/or q <r < p{^) —q — 2. 

Proof. Consider the Mayer- Vietoris sequence applied to the closed sets Q 
andC 

(1) •■■ -> H r (Q\jc,&)^H r (Q,&)@H r (c,&) A 

A //'•(Co,^)^//'' +1 (euc,^)^--- 

5(£ ©T]) = ^ eo -T]^ o . We have 

QUC = B C \U,= 

where U = B a \ (B a fl Q). Thus £/ is a-complete and consequently the 
groups of compact support cohomology H r c {U,^) are zero for q < r < 
p{&)-qm. 

From the exact sequence of compact support cohomology 

(2) ••■ - H[.(U,J?)-*H r (B c ^)^ 

- H'\B c ^U^)^H r +\U^)^--- 

it follows that 

(3) H\B c ^)^H r {B c ^U^), 

for q <r< p(^) —q—l. 
Since B c is g-pseudoconvex, 

dim c H r (B c ^) 

for a < r Q, and so 

dim c H r (B c \U^) < °° 

for < r < p(JP) —q—l. 
From ([1]) we see that 

dim c H r (B c \ £/, J^) = dim c # r (Q U C, J?) 

is greater than or equal to the codimension of the homomorphism 8. This 
proves that the image of the homomorphism 
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(all closures are taken in B c ), defined by (<§ © 77) t— > — rj^ has finite 
codimension provided that q — 1 < r < p(J?) —q — 2, proving the first as- 
sertion of the theorem. 

If Ei = {hi = 0}, E2 = {/z2 = 0} are like in the second part of the state- 
ment, then, since Kf) (£1 U £2) = > Q nas a fundamental system of neigh- 
borhoods which are g-pseudoconvex spaces, thus, by virtue of [3, Theoreme 
11] we have 

dim c H r (Q,^) <oo 

for r >q. On the other hand, C is a g-corona, so 

dime H r (C, 3?) < °° 

for q < r < p(J?) — q — 1 in view of flU Theorem 3]. 

Summarizing, for q < r < p(JP) — q — 1 the vector space H r {Q,^) © 
H r (C, J?) has finite dimension and for q — 1 < r < p(^) — q — 2 its image 
in H r (Co, J^") has finite codimension. Thus, for q < r < p(^) — q — 2, 
H r (Co, J^") has finite dimension. □ 

Theorem 2. Assume that Ei = {h\ = 0}, E2 = {h 2 = 0} where h\ and hi 
are pluriharmonic functions near Ei D B c and E2 PI B c , respectively, and 
QHK = 0. Then 

for q < r < p{^) — q — 2 and the homomorphism 

(4) H^ l (Q,^)®H^ l (C,^) — +H«- 1 (Cq,&) 

is surjective for p(^) > 2q+ 1. 

IfB+ is a 1-complete space and p(^) > 3, the homomorphism 

is surjective. 

Proof. By hypothesis Q has a fundamental system of neighborhoods which 
are ^-complete spaces, so H r (Q, JP) = {0} for q < r [|3l Theoreme 5]. From 
Q it follows that H r (Q U C , = {0} for q < r < p(&) - q - 1 . Thus, 
from the Mayer- Vietoris sequence ([T]) we derive the isomorphism 

for q < r < p(JP) — q — 2 and that the homomorphism ^ is surjective if 
p{&) > 2q+l. 

In particular, if q = 1 and p(J?) > 3 the homomorphism 

is surjective, i.e. every section a E //°(Co,i^) is a difference 0\ — 02 of 
two sections 0\ E H°(Q,^), o 2 E H°(C,^). Since B a is Stein, the coho- 
mology group with compact supports (B ai is zero, and so the Mayer- 
Vietoris compact support cohomology sequence implies that the restriction 
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homomorphism 

H°(B C , — H°(B C n fl a , ^) = H°(C, &) 

is surjective, hence 02 £ H (C,JF) is restriction of 02 £ H Q (B C ,^). So o 
is restriction to C+ of (o\ — o 2 \jj + ) E H°(Q,JP), and the restriction homo- 
morphism is surjective. □ 

Corollary 3. Let q = 1 and p(B c ) > 3. Then every holomorphic function 
on Co extends holomorphically on Q. 

2.2. Open ^-collars. Keeping the same notations as above consider an 
open ^-collar Co. For the sake of simplicity we assume that B c is ^-complete. 
We also assume that Ei = {h\ = 0}, £2 = {^2 = 0} where hi and hi are 
pluriharmonic functions on open neighbourhoods U\ and U2 of £1 f~)B c and 
£1 nB e , respectively. 

Theorem 4. Let B c be 1 -complete and & a coherent sheaf on B c with 
p{>^) > 3. Then the homomorphism 

is surjective. 

Proof. Let s 6 H (Cq,^). Fix a couple of positive numbers £ = (61,62) 
small enough such that £j )£i defined by E ; , e; = {/?, = £;} are connected hy- 
persurfaces, E ; - )£; fl 2? c D Q 7^ and E,-, £i . fl 5 C C £/,•, for i = 1,2. 

Consider the open subset <2 e of 2 bounded by the hypersurfaces E i e/ C\B C , 
and by a part of bB c , and set Co j£ = Q £ HCq. In view of Theorem [2] there 
exists a section s e G H°(Q e ,JP) which extends s\ Coe , Now observe that the 
connected component W of B c \ Ei containing E2 is Stein. So there exists 
a strongly pseudoconvex domain Q.(^W such that the domain D £ bounded 
by E2 e 2 H B c , E2 fl B c and by a part of hB c is relatively compact in Q.. By 
Theorem 5 of IfTTll the section s £ extends on Q. fl Q. Thus 5 extends on 
Q £ . In order to conclude the proof we argue as before with respect to the 
hypersurfaces Ei j£l and Ei. □ 

In particular, we get the extension of holomorphic functions: 

Corollary 5. IfB c is a \-complete space and p(B c ) > 3, every holomorphic 
function on Co can be holomorphically extended on Q. 

Corollary 6. Let X be a Stein space. Let Ei = {h\ = 0} C X, and E2 = 

{/i2 = 0} C X be the zero set of two pluriharmonic functions, and S be a 
real hypersurface of X with boundary, such that SflEi =bS = bA\, 5HE2 = 
bS = bAi where A\ is an open set in Ej and A2 is an open set in E2. Let 
D cX be the relatively compact domain bounded by SUAi UA2 and & be 
a coherent sheaf with depth(J^) > 3. All sections of & on S extend to D. 
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2.3. Finiteness of cohomology. Results on the cohomology of ^-collars 
obtained in the preceding section concern coherent sheaves defined in larger 
domains. For the applications that we have in mind it is needed to study 
cohomology of coherent sheaves which are defined just on collars. This can 
be done by the same methods used in [fT8l for semi g-coronae. We briefly 
sketch the main points of proofs given there focusing on the case q=l. The 
extension for an arbitrary q demands only technical adjustments. Keeping 
the same notations as in Section Q] let 

C = en (B c \B a ) = QHB ajC = Qn{xeX:a< <p(x) < c} 

be an open 1-collar of a Stein space X (see fig. I, page [3]). Q is the sub- 
domain of B c bounded by the two Levi flat hypersurfaces Ei = {h\ = 0}, 
E2 = {hi = 0}- £1 and Z2 are defined on a neighbourhood of B c where hi 
and fi2 are pluriharmonic functions near Ei and E2 respectively. Thus Q is 
a Stein domain. By E^, Elj we denote the Levi flat parts of bQ and by F®, 
F 2 ° the 1-pseudoconvex and the 1-pseudoconcave part respectively. Since 
Q is Stein, there exist two families of 1-pseudoconvex hypersurfaces {E^ }, 
{E^}, £ \ 0, in a neighbourhood of Q, with the following properties 

1) Ef, 1L\ bound a strip Q £ C Q and Ef Ei, Ef ->E 2 as £ \ 0; 

2) defining Cq = Q £ n5 a+e . c _ e we obtain an exhaustion {Cq} of the 
collar Co. 

Bump lemma and approximation theorem hold for the closed subsets C 
with the same proof as in lfT8l Lemma 3.3, 3.9] and this enables us to the 
following results. Assume that depth > 3 for z near to the pseudoconcave 
part of the boundary of Co; then 

3) there exists £0 sufficiently small such that if £ < £0 the cohomology 
spaces are finite dimensional; 

4) if £ < £0 there exists £1 < £ such that 

H\C + £l ^)^H\C + £ ^) 
for every e' e]£i,£[. 
3), 4) have an important consequence, namely that for & Theorem A of 
Oka-Cartan-Serre holds in the following form (see [fT8l Corollary 4.2]: 

5) if £, e' are as in 4), for every compact subset K of C^, \ {(p > c — £} 
there exist sections s\,... ,Sk G H°(C^ n ^) which generate for 
every z G K. 

As an application we get the following extension theorem for analytic sub- 
sets 

Theorem 7. Let X be a Stein space, Cq = QH (B c \ B a ) cX be a complete 
l-collar and Y be a closed analytic subset of Co such that depth(^y z ) > 3 
for z near {<p = a}. Then Y extends to a closed analytic subset on Q. 

Proof. Taking into account 5) the proof runs as in ifLSl Theorem 4.3 and 
Corollary 4.4]. □ 
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3. Removable sets 

The notion of removable sets was originally given with respect to holo- 
morphic function and the removability problem was extensively studied (see 
e-g- tl22ll . [fT6ll , [fT3l , (HI). Here we want to study the same problem with 
respect to larger classes of analytic objects, namely the classes of sections 
of coherent sheaves, of cohomology classes and of analytic sets. 

Let X be a complex space, D be a bounded domain. Let & be a coherent 
sheaf on a neighbourhood of D. A subset L of the boundary bD of D is 
said to be removable for (the sections of) & or for the cohomology classes 
with value in J^~, of a certain degree r, if every section s E T(bD \ L, JF) or 
cohomology class CO £ H r (bD \ L, J^) extends by s E T(D \ L, J^") or by 
ffl6// r (D\L, ^) respectively. 

Similarly, the subset L is said to be removable for the (respectively, a 
given) class of analytic subsets if every analytic subset (of a given class 
of analytic subsets) defined on a neighbourhood of bD \ L extends by an 
analytic subset of D \ L. 

3.1. Coherent sheaves. Given a coherent sheaf on a complex space X 
let us denote Tor(J?) the torsion of J^; Tor(^) is the coherent subsheaf of 
whose stalk at a point xelis 

Tor(^) x = {s x e & x : V* = for some X G^,A^0}. 

It can be proved (see [O) that the topology of & is Hausdorff if and only if 
& has no torsion, i.e. Tor(^) = {0}. We denote T(J?) the analytic subset 
supp Tor (J^"). 

Given a bounded domain Del let =£/ (D) be the algebra C°(D) n 0(D) 
and for every compact L C D let 

L=|zGD: |/(z)|<max|/|,V/e^(D)j 

be the ^ (D) -envelope of L. We want to prove the following 

Theorem 8. Let X be an n- dimensional manifold, D a bounded pseudo- 
convex domain in X with a connected smooth boundary and L a compact 
subset ofbD such that bD \ L a connected, nonempty strongly Levi convex 
hypersurface. Let & be a coherent sheaf on X. Assume that: 

1) D\Lis connected; 

2) depth(#" x ) > 3 for every x e D; 

3) dim c r(^)nD<n-2 

Let U be an open neighborhood ofD \LorX\(DUL). Then every section 
of on U \ D or U \ (X \ D) uniquely extends to a section on U \ L or 
D \ L. In particular, ifL = L then L is removable for & . 

Proof. The uniqueness is a consequence of the Kontinuitdtsatz and of hy- 
pothesis 1) and 2). Indeed let s\,S2 be sections of & on D such that s\ = S2 
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near bD \ L. In view of the hypothesis 2), the support of s\ — S2 is an an- 
alytic subset A of D \ L with no O-dimensional irreducible component (see 
[21 Theoreme 3.6 (a), p. 46]). Let A\ be an irreducible component of A. 
Since bD \ L is strongly Levi convex, in view of the Kontinuitatsatz A\ 
cannot touch bD \L so A\ flbD = A\ fl (bD\L). Let x 6 Ai. In view of the 
hypothesis 1) there exists / G srf (D) such that max^ |/| < Consider 
an exhaustion W\ (e W2 <e • • • by relatively open subsets of A\, x G Wi. By 
virtue of the maximum principle, for every k there exists a point xt E bWk 
such that \f(x)\ < \f(xjc)\. Then (passing if necessary to a subsequence) we 
have — > y E L as k — > +°° and consequently |/(jc) | < |/(y) | < max L |/|, a 
contradiction. 

We need now to show the existence of the extension. In order to prove 
the extension we consider just the case that U is an open neighborhood of 
D \ L or X \ (D U L) and <7 G &(U \D), the proof in the other one being 
similar. In view of the hypothesis 1), given a point x G D \ L there exists 
f E £/ (D), f = u + iv, u, v real- valued functions, such that f(x) = u(x) = 1 
max^ \ f\ < 1; in particular max^ |w| < 1. Then, if £ > is sufficiently small 
and C = {u < 1 — £}, we have C fl L = 0. Let V be an open neighborhood 
of L such that Cfl V = 0. Since bD\L is strongly pseudoconvex, there 
exists a pseudoconvex domain D\ with a smooth boundary satisfying the 
following properties: 

i) DcDi,Di \Dct/; 

ii) bDiHbDc VHbD; 

iii) bDi is strongly pseudoconvex at the points of bDi \ bDi flbD. 

Since D\ is Stein there exists a strongly pseudoconvex D2 dDi which con- 
tains the compact subset D \ V fl D and such that b(D2 fl D) \ bD d W (see 
fig. 2). 

The boundary of D3 = D2 fl D is piecewise smooth but we may regular- 
ize it along bD2 fl bD, thus we may assume that D3 is a smooth strongly 
pseudoconvex domains D3 = {p < 0}, where p is a strongly plurisubhar- 
monic function on a neighbourhood of D3 and dp (z) 7^ along bD3. By the 
approximation theorem of Kerzman (see [IS) there exists an open neigh- 
bourhood W of D3 such that 0{W) is a dense subalgebra of £^{D^). It 
follows that we may assume that: 

a) a E J^(bD3 n {u > 1 — £}), where u is pluriharmonic near D3; 

b) {u=l— £}is smooth and intersects bD3 transversally; 

c) {w>l — £}flD3 has a finite number of connected components 
DW,...,DW which are Stein domains whose boundaries consist 
of a part of bD3 and of closed subsets contained in {u = 1 — £}. 

Moreover, we may suppose that D( ,+1 ) and D®, \<i<k-\, are consecu- 
tive (i.e. there is a path 7CD3 joining two points y' E D^\y" E D^ l+l ^ which 
does not meet any other connected component ) and x E D^ l \ We de- 
note by Li, Ej+i, 1 < i < k, the flat parts of DW; in particular Lk+i = - 
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Figure 2. Construction of the three domains D\, D2 and 
D 3 =D 2 nD. 

Let us start byZ#). In view of the extension theorem proved in IfTTTl , there 
exists a unique section G ^(DW) which extends a. Now consider a 
positive e' < e such that the hypersurface {m = 1 — e'} is smooth, intersects 
b£>3 transversally and D^ -1 ) contains only one connected component E( of 

{u = 1 — e'}. Since Q. = D^ 1 ^ UD^ U E^ is a Stein domain, there exists a 
strongly pseudoconvex domain Ql <e ^ with the following properties: 

d) £2' contains the closed domain bounded by E^, £jt_i> bD, bQ' inter- 
sects El transversally; 

e) no connected component of {w = 1 — e'}, T/ k _ l excepted, intersects 

a'. 

Thanks again to the quoted extension theorem applied to the subdomain 
Q.' of Q. bounded by b£l and intersecting E&, we extend 01 by o' k to £2'. 
Arguing as above with respect to the domain bounded by E^_j, E^-i, hD, 

we extend o' k to D^ 1 ^ and so on. 

In order to finish the proof we have to show that if a, o' are two such 
extensions, defined on U and U' respectively, then x — o' on U D £/'. This 
is trivially true if & is locally isomorphic to a subsheaf of ff N , in particular 
if & is locally free. 
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In our situation consider the difference x = o — o' on U D U' . Since & is 
Hausdorff on D \ 7\ T = T ( J^) , supp ? C T . Let x G supp T. If B C t/ n U' is 
a sufficiently small Stein neighbourhood of x we have the exact sequences 

ffp >- ffq >- & >- • 

H°(B, 0P) H°(B, W) H°(B, • 

where Xjf, <p are defined by matrices (yfij), (tyrs) of holomorphic functions 
onB. Then x = <p(s),s= (si,...,s q ) eH°(B,^ q ) and <p(s y ) = for every 
y G B\T; consequently 

s\b^t eH°(B\ T, Ker <p) = H° (B \ T, Im y) . 

It follows that there exist holomorphic functions g\ , . . . , g p on B \ T such 
that 

p p 
*i|Bxr = £ Vi#; s ,*9| 5x r = £ VW- 

Since dim^ T < n — 2, the functions g\,. ..,g p can be holomorphically ex- 
tended through T by gi,...,g p . This implies that 5 G //° (5, 1 ml//), so 
s = yr(g), g= (gi,...,g P ), and consequently &=(q>oy)(g) = 0. 

The proof when U is a neighbourhood of X \ (-D U L) is similar start- 
ing by a pseudoconvex domain £>i with a smooth boundary satisfying the 
following properties: 

i) DiCD,D\~DiCU; 

ii) bDiHhDc VHbD; 

iii) hDi is strongly pseudoconvex at the points of hDi \ hDi flhD. 

□ 



Remark 3.1. In view of a theorem by Alexander [1], condition 1) of Theo- 
rem 8]is certainly satisfied if LflhD = L. Indeed, the connected components 
Aj of D \ L and 5, of bD \(LH bD) are in a 1 — 1 correspondence given by 

A,- fl ; Mi n M) = fl f . 

Since L = L(~) bD, and M) \ L is connected, also Z) \ L is connected. 

Condition 1) of Theorem[8]can be dropped also if L is a Stein compact. 

Theorem 9. Lef X be a locally irreducible Stein space, D be a bounded 
domain in X with a connected smooth boundary and L C bD be a Stein 
compact such that bD \ L w connected. Let be a coherent sheaf on X. 
Assume that: 

1) depth( > 3 for every x G X; 

2) dim c T (J?) <n-2. 

Let U be an open neighborhood ofD \ L. Then every section of ^ onU \D 
uniquely extends to a section on U \ L. 
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Proof. Let 

p(&) = inf depthf 

and {U a } be a fundamental system of Stein neighbourhoods of L. Then for 
the compact support cohomology groups we have 

H{(U a ,&) = 0, 

for j < p(^) — 1 and every a. Moreover, if H[(X,^) denotes the j' th local 
cohomology group with support in L we have the isomorphism 

H[(X,^)=limHj(U a ,^) 

U a 

(see (51) hence 

H[(X,^) = {0} 

for j<p(&)-l. 

From the local cohomology exact sequence 

► H j (X, gf) -> tf^X \L, J*") -> (X, ^) ^ • • • , 

in view of the fact X is a Stein space, we then obtain 

H j (X\L,^) = {0} 

for 1 < j < p(^) — 2. In particular, since p{^)) > 3, we have 

H l (X\L,^) = {0}. 

Let s e H°(bD \L,J^"). Applying the Mayer-Vietoris sequence to the fol- 
lowing closed partition of X \ L 

I\L=(5\L)U[I\(Z)UL)] 

we get the exact sequence 

H°(D\L^)®H (X\(DUL)^)->H°(bD\L^)^H l (X\L^). 

Since Z/ 1 (X \ L, J£") = {0} the first homomorphism is onto, so the section 
s is a difference s = si — S2 of two sections 

s 1 eH°(D^L,&), s 2 eH°(X\(D\JL),<F). 

Hence, in order to end our proof, we have to extend the section $2- Consider 
an open Stein neighbourhood U of L. Since, by hypothesis, p{&) > 3, we 
have Hi (U, = {0} and consequently, again from the cohomology exact 
sequence 

H°(X,&) -> H°(X\U,&) -> H l c (U,&) -> ••• , 
we deduce that the homomorphism 

H°(X,&)^H°(X^U,&) 

is onto. In particular, there exists a global section 52 which extends s , 2ix\.£/- 
Arguing as in the proof of Theorem[8j we see that §2 is actually an extension 
of 52. Thus, s = S{ — §2 is a section of & on £/ \ L which extends s. This 
concludes the proof. □ 
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Theorem [9] can be slightly improved if X is a manifold. Indeed, in that 
case, under the same hypothesis for D, we are allowed to assume that & is 
defined only in a neighbourhood of D. 

For the proof we need to recall some classical facts about Function Alge- 
bra and envelope of holomorphy (see H). 

Let X be a complex space and ff(X) be the Frechet algebra of all holo- 
morphic functions inX. We denote by y(X) the spectrum of &{X) i.e. the 
set of all continuous characters x '■ &{X) — > C (or, equivalently, the set of 
all closed maximal ideals of &(X)) equipped with the weak topology. For 
every x E X the point evaluation / i— > 8 x (f) = f(x), f G &{X) is a continu- 
ous character and x i— > 8 X is a continuous map ix :X — > y(X). Furthermore, 
for every / e 0{X) the function / : y(X) -> C defined by /(#) = *(/) is 
continuous and the set &(X) = j/j ^ ^ is a subalgebra of C (y(X)). 

Assume now thatX is a Stein space. Then, from Oka-Cartan-Serre theory 
it follows 

a) ix is a homeomorphism X —> y(X) and there exists a (unique) com- 
plex structure on y(X) such that ix is a biholomorphism and the 
dual map i* x : &(y(X)) — > <^(X) is an isomorphism; in particular 

/3) for any complex space Y the functors 

y^Mor(y,x), y^Hom cont (^(x),^(y)) 

are isomorphic. 

A complex space X is said to have an envelope of holomorphy if there exists 
a Stein space X with an open immersion j : X ► X such that j* : <^(X) — > 
<^(X) is an isomorphism of Frechet algebras. From the properties (a), (/3) 
it follows that the pair (X,j) is uniquely determined (up to isomorphism) 
by these conditions. Moreover 

7) an envelope of holomorphy of a normal space X is also normal (pro- 
vided it exists); 

5) X has an envelope of holomorphy if and only if y(X) has a Stein 
space structure such that (y(X),ix) is an envelope of holomorphy 
ofX. 

Cartan, Thullen, Oka and Bishop (see 021) proved that for every Riemann 
domain over C", p : Q. — > C", an envelope of holomorphy Q. exists and it 
is still a domain over C", p : Q. — > C". Using the language of the Function 
Theory this result can be stated as follows (see [6, Theorem 2 and Corollary 
1]: 

(y(Q,),i&) has a complex manifold structure such that is a holo- 

morphic open immersion and p = % o and &(X) is the algebra of 
all holomorphic functions in J^(£2). The natural map % : y(CL) — ► 
J^(C") ~ C' 1 is defined by % i-> ((#(zi), . . . ,X(zn)) and is holomor- 
phic of maximal rank. Moreover, p(Cl) C7t(y(Q.)). 
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More generally an envelope of holomorphy exists for domains Q. over a 
Stein manifold X (see 0U). 

For domains in a Stein space X the envelope of holomorphy could not ex- 
ist even if X is normal, with isolated singularities. The first counterexample 
is due to Grauert (see IfTOl ). 

Theorem 10. Let D be a bounded domain of a Stein manifold X with a 
connected smooth boundary and L C bD be a Stein compact such that that 
bD n L is connected. Let p : D —> X be the envelope of holomorphy of D 
and & be a coherent sheaf on a neighbourhood W ofp(D) satisfying 

1) depth(^" x ) > 3 for every x G W; 

2) dim c r(J?) < n-2. 

Let U CW be an open neighborhood ofD \ L. Then every section of ^ on 
U \D uniquely extends to D \ L. 

Proof. Let W be the envelope of holomorphy of W, p: W — > X be the canon- 
ical projection and j : W — > W be the canonical open embedding of W into 
W. j* : &{W) — > &{W) is an isomorphism. In particular p*^ is a coherent 
sheaf on W with the same depth as & , which extends '. At this point 
we argue as in the proof of Theorem [9] □ 

3.2. Analytic sets. As for analytic sets, results of removability are ob- 
tained arguing as in the proof of Theorem [8] taking into account Theorem |7J 
Precisely 

Theorem 11. Let X be an n-dimensional manifold, D be a bounded pseudo- 
convex domain in X with a connected smooth boundary and Lbe a compact 
subset of bD. Assume that: 

1) bD \L is a connected, non-empty strongly Levi convex hypersur- 
face; 

2) D \ L is connected. 

Let U be an open neighborhood ofD \ L and Y be a closed, analytic subset 
ofU\D such that depth(^y. Y ) > 3 for every x G U\D. Then Y extends to 
an analytic subset K o/(D\L)U U. 

4. Obstructions to extension 

The extension theorems proved in the above sections state that, under 
appropriate conditions, analytic objects like C/?-functions, section of coher- 
ent sheaves, analytic subsets defined on bD \ L (bD \ L being connected) 
extend — uniquely — to D \ L, where L is the envelope of L with respect to 
the algebra srf (D) of holomorphic functions continuous up to the boundary. 
Natural problems arise about minimality. 

In order to state the problem in all generality, given a compct subset L 
of bD we fix a class C of analytic objects and we consider the family Lq 
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of all compact subsets L of D, partially ordered by inclusion, satisfying the 
following properties 

i) LdbD = L; 

ii) every analytic object of C defined on bD \ L extends — uniquely — 
to D \ L. 

Suppose that Lq ^ 0; then exists in Lq some minimal element L^. One nat- 
ural problem arises: is Lq unique? In general, due to polidromy phenomena, 
the answer could be negative. A second observation is that, at least in the 
cases already considered, if we have unicity then for the minimal compact 
Lr we have the inclusions 



The two extremal cases may actually occur. Moreover Lq heavly depends 
upon the class C. Here are some trivial examples. 

1) Let D = B B C C n is the unit ball, L = bW n {Rez n <0},n> 3, and 
C be the class of holomorphic functions. The minimal compact Lq 
is L D L. 

2) Let D = M" C C n , L = bW n {z 2 = ■ ■ ■ = z n = 0} = S 1 x {O}^ 1 , 
n > 3, and C be the class of holomorphic functions. The minimal 
compact Lq is L C L. 



3) Let D = Wc C n , L = bM n n {z n -2 = • • • = z„ = 0} = S 1 x {0} 



n > 5, and Ci be the class of holomorphic functions, and C2 be the 
class of analytic sets of codimension 3. Then the minimal compacts 
are 



does not extend throught L. 

5. The unbounded case 

Some of the previous results extend to unbounded domains. The follow- 
ing is of particular interest. 

Theorem 12. Let X be a complex space and D be a strongly pseudoconvex 
unbounded domain with a connected boundary. Assume that there exists a 
sequence {pk} of pluriharmonic functions near D such that 



L C L° c C L. 





1) D k = {x E D : p k {x) > 0} C D k+l = {x E D : p k+1 (x) > 0}; 

2) D k (^X and D = [j D k . 

k>\ 



Let ^ be a coherent sheaf on a neighbourhood U ofD such that 



3) depth(jy > 3 for every x G U; 
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4) dime T (J?) <n-2. 
Then every section ofJFonU \ D uniquely extends to a section on U. 

Proof. Fix a section a of & on U \ D. Consider the domain D^. Since Z) is 
strongly pseudoconvex, using bump lemma we find a Stein neighbourhood 
Vk C U of We may assume that the function is defined on V^, so 
bDk fl bD is a Stein compact , so we are in position to apply Theorem 
[9] and obtain a unique section &i of & on V\ \ extending a. Repeating 
this argument for every thanks to uniqueness of extension we get the 
conclusion. □ 

Remark 5.1. If X = C n , conditions 1), 2) are implied by the following one 

(★) if ZT denotes the closure of D c C C CP M in CP M , then there exists 
an algebraic hypersurface V such that V fl D°° = 0. 

Under this condition the extension of analytic sets (with discrete singulari- 
ties) of dimension at least two holds, see ||9l| . 
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